
Variable Structure Control ~ 
Disturbance Rejection  

Harry G. Kwatny
Department of Mechanical Engineering & Mechanics

Drexel University



Outline

 Linear Tracking & Disturbance 
Rejection

 Variable Structure Servomechanism
 Nonlinear Tracking & Disturbance 

Rejection



Disturbance Rejection Setup

state equations
disturbance
performance
measurements

, , , ,n q m m r

x Ax Ew Bu
w Zw
z Cx Fw Du
y Cx Fw Du

x R w R u R z R y R

= + +
=
= + +
= + +

∈ ∈ ∈ ∈ ∈





PlantController

 performance variablesz

 disturbancew

 controlu

 measurementsy

Eigenvalues of Z
ordinarily on Im axis

In effect, the error



Objectives

( )
Regulator Problem: Find a controller to achieve the following

1) Regulation: 0 as 
2) (Internal) Stability: Achieve specified transient response

Robust Regulator Problem: Find a solution to the Reg

z t t→ →∞

ulator 
Problem that satisfies

3) Robustness: 1) and 2) should be maintained under specified 
    small perturbations of plant and/or control parameters



Solution: Part 1- Regulation
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Consider the possibility of a control  that produces a trajectory

 for some unspecified initial state  and any initial disturbance vector ,  
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Solutions typically are 
not unique



Solution: Part 2- Stability
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Define ,

Now, if ,  is controllable, it easy to choose 

so that the closed loop  has desired transient
characteristics.
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can be written as a function of the system
states ,
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Solution: Part 3- Observation

( )
The control will be implemented using estimates of the
composite state , . Consider the composite system
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ose a matrix
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Properties of the Loop
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1
3s +

1ŵ
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3ŵ
y command

observer
compensator

−

( )
19420.3 9.18897

49.83933 209c
sG

s s
+

=
++



VS Servo
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Closed Loop Dynamics
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Combine the estimator equation:
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Closed Loop Dynamics, 2
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Sliding Behavior
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Reaching Behavior

( )

Assume the switching control  is designed to stabilizes the
switching manifold 0 for the perturbation system

,
Two important results follow

 trajectories are steered in finite time to
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Reaching, 2
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ˆ For a fixed >0, there exists a finite time such that  is confined to 
the domain

ˆ , 1, , , .

   Moreover, 0, .
 this means that sliding does not occur on 0 but this mani

T
i

T x

k x i m t T

T
s

δ

δ

∆ ∆

≤ ∆ = ∀ ≥ ∆

∆→ ∆ →∞

• =

Theorem :



( ) ( ) ( ) ( )
( ) ( )*

fold is reached 
ˆ ˆ   asymptotically as ,
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